Regular and Nonregular Languages

a*b* Is reqgular.
{a"o": n > 0} is not.

{w e {a, b}* : every a is immediately followed by b} is
regular.

{w e {a, b}* : every a has a matching b somewhere} is not

Questions:
e Showing that a language is regular.
e Showing that a language is not regular.



R ;ﬁ-:,:\ﬂ & =AM ] AT T ANNRINDRA M= 2 XY
e Fg X ;-w )| = W] /AN /AN (N (= A\ (| = (0=
W Yw v N/ SUVIN L e 20 N Q[:”pu\g = L N LN

Showing that a Language is Reqgular

Theorem: Every finite language is regular.

Proof: If L is the empty set, then it is defined by the regular
expression J and so is regular. If it is any finite language
composed of the strings s,, S, ... S, for some positive
Integer n, then it is defined by the regular expression:

S, US,U...US,

So it too is regular.
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Showing that a Language is Reqgular

Example:

Let L=L;nL, where:
L, ={a"o", n > 0}, and
L, ={b"a", n > 0}
L, and L, are infinite however
L={e} isreqgular
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Showing that a Language is Reqgular

1. Show that L is finite.
2. Exhibit an FSM for L.
3. Exhibit a regular expression for L.

4. Show that the number of equivalence classes of =, is
finite.

5. Exhibit a regular grammar for L.

6. Exploit the closure theorems
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Closure Properties of Regular
Languages

e Union

e Concatenation
e Kleene star

e Complement
e Intersection

e Difference

e Reverse

e Letter substitution
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Letter Substitution

e Let X, and Z, be alphabets.
e Let sub be any function from X, to X,*.
Example:

Let: X, ={a, b},
z, ={0, 1},

sub(a) = 0, and
sub(b) = 11.
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Letter Substitution

e |letsub Is a letter substitution function iff:

letsub(L,) ={w € X,*:dy € L, and
w =y except that:
every character c of y
IS replaced by sub(c)}.

Example:

sub(a) = 0, and
sub(b) = 11.

Then letsub({a"b", n > 0}) = O"12"
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Showing that a Language IS Not

Regular
Every regular language can be accepted by some FSM.

It can only use a finite amount of memory to record
essential properties.

Example:
{a"b", n > 0} is not regular



Showing that a Language is Not
Regular

The only way to generate/accept an infinite language with a finite
description is to use:

Kleene star (in regular expressions), or
cycles (in automata).

This forces some kind of simple repetitive cycle within the
strings.

Example:
ab*a generates aba, abba, abbba, abbbba, etc.

Example:
{a":n >1is a prime number} is not regular.
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Exploiting the Repetitive Property

If an FSM with n states accepts any string of length > n, how
many strings does it accept?

L =bab*ab

babbbbab
X Y Z

Xy*z must be in L.
So L includes: baab, babab, babbab, babbbbbbbbbbab



Theorem — Long Strings

Theorem: Let M = (K, %, 9, S, A) be any DFSM. If M
accepts any string of length |K]| or greater, then that string
will force M to visit some state more than once (thus
traversing at least one loop).

Proof: M must start in one of its states. Each time it reads
an input character, it visits some state. So, in processing a
string of length n, M creates a total of n + 1 state visits. If
n+1 > |K|, then, by the pigeonhole principle, some state
must get more than one visit. So, if n > |K|, then M must
visit at least one state more than once.
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The Pumping Theorem for Reqgular
Languages

If L is regular, then every long string in L is pumpable.
So,dk>1
(V strings w € L, where |w| > k
(XY, z(w=Xxyz,
Ixyl <k,

y # g, and
vqg = 0 (xy9z is in L)))).
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Example: {a"b": n > 0} Is not Regular

If L were regular, then there would exist some k such that a Wy string w where |w| > k
must satisfy the conditions of the theorem. Let w = al¥2lp/k2T Since |w| > k, w must
satisfy the conditions of the pumping theorem. So, for some x, y, and z, w = Xyz,
Ixy| <k, y#e¢, and Vg >0, xy9z is in L. We show that no such X, Y, and z exist.
There are 3 cases for where y could occur: We divide w into two regions:

aaaaa.....aaaaaa | bbbbb.....bbbbbb
1 | 2

So y can fall in:

e (1): y=aPforsome p. Sincey # ¢, p must be greater than 0. Letq = 2.
The resulting string is ak*Pbk. But this string is not in L, since it has
more a’s than b’s.

e (2). y=DbPfor some p. Sincey # ¢, p must be greater than 0. Letq = 2.
The resulting string is akpk*P, But this string is not in L, since it has
more b’s than a’s.

e (1, 2): y=aPb' for some non-zero p andr. Letq = 2. The resulting
string will have interleaved a’s and b’s, and so is not in L.

There exists one long string in L for which no x, y, z exist. So L is not regular



Using the Pumping Theorem

If L is regular, then every “long” string in L is pumpable.

To show that L is not regular, we find one that isn't.

To use the Pumping Theorem to show that a language L is not
regular, we must:

1. Choose a string w where |w| > k. Since we do not know
what k Is, we must state w in terms of k.
2. Divide the possibilities for y into a set of equivalence
classes that can be considered together.
3. For each such class of possible y values where |xy| < k
andy = ¢:
Choose a value for g such that xy9z is not in L.
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Example: L ={a": nis prime}
Let w = al, where j is the smallest prime number > k+1.
y = aP for some p.
vq >0 (ak+* 2 +avl must be in L). So |x| + |z] +g]y| must be prime.
But suppose that g = |x| + |z|. Then:

X[+ 1z] +alyl = Ix] + |z + (x| +|z])y
= (X[ +1z[) (1 + lyD),

which is non-prime if both factors are greater than 1.

(Ix| + |z|) > 1 because |w| > k+1 and |y| < k.
(1 + |y|]) > 1 because |y| > 0.
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Using the Closure Properties

The two most useful ones are closure under:
Intersection

Complement
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Using the Closure Properties

The two most useful ones are closure under:
Intersection and Complement

Example:
L={w € {a, b}*: #,(w) = #,(W)}

If L were regular, then:
L' =L n a*b*

would also be regular. But itisn't.
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Using the Closure Properties
L={ab:i,j>=0andi=#j}
Try to use the Pumping Theorem by letting w = akpk*k!,
Then y = aP for some nonzero p.
Let g = (k!/p) + 1 (i.e., pump in (k!/p) times).
Note that (k!/p) must be an integer because p < k.

The number of a’s in the new string is k + (k!/p)p = k + k!.

So the new string is ak*<'ok+k! which has equal numbers of
a'sand b’'sand sois notin L.



CS 2313 FORMAL LANGUAGE THEQRY

Using the Closure Properties
L={ab:i,j>0andi=#j}
An easier way:.
If L is regular then so is —L. Is it?

—L = a"b" u {out of order}

If —L is regular, thensoisL' ==L n a*b*

— anbn



Using the Closure Properties
L ={a’bick: i,j,k20and (i#1orj=k)}
Every string in L of length at least 1 is pumpable:

Ifi =0then:if j= 0, lety be b; otherwise, lety be c. Pump in or
out. Then i will still be 0 and thus not equal to 1, so the resulting
string is in L.

Ifi =1 then: lety be a. Pump in or out. Then i will no longer
equal 1, so the resulting string is in L.

If i =2 then: lety be aa. Pump in or out. Then i cannot equal 1,
so the resulting string is in L.

If 1 > 2 then: lety = a. Pump out once or in any number of times.
Then | cannot equal 1, so the resulting string is in L.
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Using the Closure Properties
L ={a'blck: i,j,k20and (i#1orj=k)}
Suppose we guarantee thati = 1. If L is regular, then so is:
L' =L n ab*c*.
L' ={ablck:j, k=0and =k}
Use Pumping to show that L' is not regular:
OR
If L is regular, then so is LR:
LR ={ckplal:i,j,k=20and (i=1orj=Kk)}

Use Pumping to show that L' is not regular:



