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Abstract

Neakest neighbor classificationassumesdocally con-
stantclassconditional probabilities. This assumptiorbe-
comesinvalid in high dimensionsdue to the curse-of-
dimensionality Severe bias can be introducedunderthese
conditionswhenusingthe neaestneighborrule. We pro-
posean adaptiveneaestneighborclassificatiormethodto
try to minimizebias. We usequasiconformatransformed
kernelsto computeneighborhoodsover which the class
probabilities tend to be more homajeneous. As a result,
betterclassificatiorperformancecanbe expected.Theeffi-
cacyof our methods validatedandcompaedagainstother
competingedhniquesusinga variety of datasets.

1. Intr oduction

In patternclassificationye aregiven! trainingsamples,
wherethe training samplesconsistof ¢ featuremeasure-
mentsx = (z1,---,z,)! € R? andtheknown classlabels,
L € {0,---,J}. Herewe assumehatthereareonly two
classesj.e., L € {0,1}; Thegoalis to predictthe class
labelof agivenqueryx’.

A simple approachto this problemis nearesmneighbor
(NN) classification. Sucha methodproducescontinuous
andoverlappingneighborhoodsndusesa differentneigh-
borhoodfor eachindividual query Furthermoreempirical
evaluationto dateshavs thatthe NN rule is aratherrobust
method.In addition,it hasbeenshawn [5] thattheoneNN
rule hasasymptoticerrorratethatis atmosttwicethe Bayes
errorrate. NN rulesassumethat locally the class(condi-
tional) probabilitiesare approximatelyconstant.However,
thisassumptions ofteninvalid in practicedueto thecurse-
of-dimensionality Severebiascanbeintroducedn the NN
rulein a high dimensionainput space As such,the choice
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of adistancemeasurés critical andadaptve NN classifica-
tion becomesttractve[4, 6, 7].

Thispapempresentanadaptve NN methodo try to min-
imize biasin high dimensions. We estimatea metric for
computingneighborhood$®asedon quasiconformatrans-
formed kernels. The adaptationyields class conditional
probabilitiesthattendsto beconstantn themodifiedneigh-
borhoods.Theclosermatchto the assumptionsf NN pro-
videsabetterclassificatiorperformance.

2. RelatedWork

Friedman[6] proposesa techniquefor capturinglocal
featurerelevanceas a reductionin predictionerrors. In-
ducedflexible metricsshov improvementin performance
over the simple NN method. In [7], Hastieand Tibshirani
proposean adaptve NN methodbasedon linear discrimi-
nantanalysis. The methodcomputesa distancemetric as
a productof properlyweightedwithin andbetweersumof
squaresnatrices. They shav that the resultingmetric ap-
proximatesthe weightedChi-squaed distance[7, 9, 11].
Amari andWu [1] describea methodfor improving SVM
performancédy increasingspatialresolutionaroundthe de-
cisionsurfacebasedon the Riemanniargeometry Viewed
underthe samelight, our goalis to expandthe spatialres-
olutionaroundsamplesvhoseclassprobabilitiesarediffer-
entfromthequeryandcontracthespatialresolutioraround
samplesvhoseclassprobabilitydistributionis similarto the
query Theeffectis to make the spacearoundsampledar-
ther from or closerto the query dependingon their class
(conditional)probability distributions.

3. Kernel Distance

Thekerneltrick hasbeenappliedto numerousgroblems
[3, 10]. Thekernelallows an algorithmto work in a fea-



ture spaceof high dimension. If ¢(x) is a mappingof a
pointin the input spaceto the featurespace thenthe ker-
nel calculatesthe dot product K (x,x') = ¢(x) - ¢(x'),
where- denoteghedotproduct.CommorkernelsareGaus-
sian K (x,x') = e~I*=*'II” and polynomial K (x, x') =
(1 + x - x')?. Distancein the featurespacemay be cal-
culatedby meansof the kernel[3, 12]. With x andx’ in
theinput spacethenthe (squaredfeaturespacedistances
D(x,x') = K(x,x) — 2K (x,x') + K(x',x').

4. Quasiconbrmal Kernel

It is a straightforward processto createa new kernel
from existing kernels[3]. However, we desireto createa
new kernelsuchthat,for eachinputqueryx’, theclasspos-
terior probabilityin theneighborhoodnducedby thekernel
metrictendto be constant.We thereforelook to quasicon-
formal mappingg2].

Previously, Amari and Wu [1] have modifieda support
vectormachinewith a quasiconformaimapping.If ¢(x) is
a positive real valuedfunction of x, thena new kernelcan
becreatedy

K(x,x') = ¢(x)e(x') K (x,x"). (1)

We call it aquasiconformakernel. Notethatif therestric-
tion on ¢(x) being positive is removed, K is still a valid
kernel[3].

The questionbecomeswhich ¢(x) do we wish to use?
We can changethe Riemannianmetric by the choice of
¢(x). The metric g; ; associatedvith kernel X' becomes
the metric §; ; associatedwith kernel K by the relation-
ship[1]: §i;(x) = ci(x)e;(x) + e(x)?g,;(x)x, where
Ci(X) = 35_3(::)

Amari andWu [1] expandedhe spatialresolutionin the
maugin of a supportvectormachineby usingthefollowing
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c(x) = Y icsy aieﬁﬁ_l, whereSV is the setof sup-
port vectors,x; is the ith supportvector «; is a positive
numberrepresentinghe contrikution of x;, andr is afree
parameterSincethe supportvectorsarelikely to be at the
boundaryof themamgin, this createsanexpansiorof spatial
resolutionin themamgin anda contractiorelsavhere.

5. Adaptive Quasiconbrmal Kernel Nearest
Neighbors

Our adaptve quasiconformalkernel nearestneighbor
(AQKNN) algorithmis motivatedasfollows. Supposéhat
the original kernel K is aradialkernel,thenK (x,x) = 1.

Thus, the quasiconformakernel(squareddistancecanbe
writtenas

D(x,x') = ¢(x)? = 2¢(x)c(x ) K(x,%') + c(x')?  (2)

Our goalis to produceneighborhoodsvherethe classcon-
ditional probabilitiestendto be homogeneousThatis, we
wantto expandthespatialresolutionaroundsamplesvhose
classprobabilitiesaredifferentfrom the queryandcontract
the spatialresolutionaroundsamplesvhoseclassprobabil-
ity distributionis similarto thequery Theeffectis to make
thespacearoundsamplegartherfrom or closerto thequery

dependingon their class(conditional)probability distribu-

tions. An appealingcandidatefor a samplex with a query

x'is Pr(jinlx)
_ Pr(jm|x
) = Bl

wherej,, = argmax; Pr(j|x’) andjz; = 1 — jn,. Itis
basedon the magnitudeof the likelihoodratio of two con-
ditional classprobabilities: the maximumlik elihood class
() of the queryversusthe complementarglass(j;,) of
thesample.

3)

Note that: (1) The multiplier ¢(x) for a samplex
yields a contractioneffect ¢(x) < 1 whenandonly when
Pr(jm|x) + Pr(jm|x") > 1, thatis, both conditionallike-
lihoodsareconsistent(2) The multiplier ¢(x') for aquery
x' measureshe degreeof uncertaintyin labelingx’ with

its maximumlik elihoodclass.Substitutingz(x) (3) into (2)
andsimplifying, we obtain

Pr(jm |x’) — Pr(jm[x)
Pr(jm|x")

To understandhe above distancewe look at the distance
usinga secondorder Taylor expansionof a generalGaus-
siankernel K (x,x') = e~3(x=x)"=7(x=x) at the query
point,x’, K (x,x') ~ 1 — 1(x — x')!T~1(x — x'). Substi-
tuting the Taylorsexpansionnto D(x, x') yields

D(x,x') = 2—|—26(av')c(av)(1—K(av,w')).
( )

[Pr(jm|x') = Pr(jm|x)]*
Pr(jm|x’)2
+  e(xe(x)(x — x')til*l(x -x') (4)

D(x,x') =~

Thefirst termin the above equationis a Chi-squaed (ap-
propriatelyweighted)distancewhile thesecondermis the
weightedquadratic(Mahalanobis)istance. The distance
(4) is more effient computationallythan the kernel-based
one,andis thususedin AQKNN in our experimentsWhen
c(x) = ¢(x'), thequasiconformakerneldistances reduced
totheweightedViahalanobislistancewith aweightingfac-
tor of ¢(x')c(x) dependingn degreesof class-consisteryc
in ¢(x) andof labeling-uncertaintyn ¢(x').

Let us examinec(x’). Clearly, 0 < ¢(x') < 1. When
c%x') ~ 0 thereis a high degreeof certaintyin which case
c Xc? is aggresaie in modifying the Mahalanobidistance
and appliesa large contraction. On the other hand,when



Table 1. Average classification error rates.

Iris(4) | Sonar(60)| Liver(6)| Pima(8)| Vote(16)| OQ(16)| Cancer(9) lonosphere(34) Hepatitis(19)
AQKNN | 4.0 8.7 15.7 17.7 4.7 34 2.3 4.8 11.6
C4.5 8.0 23.1 19.5 22.4 35 9.4 4.7 5.4 19.4
DANN 6.0 7.7 15.9 22.2 3.2 4.2 25 4.8 11.6
KNN 6.0 12.5 16.6 21.7 7.8 6.0 2.7 5.8 14.8
Machete| 5.0 21.2 20.1 21.5 6.5 6.7 2.9 6.0 13.5
Parzen | 6.0 12.5 16.1 19.9 7.3 5.2 25 5.4 12.9
Sgthe | 4.0 16.3 20.8 21.1 14.7 5.4 25 7.2 13.5
SVM-R | 4.0 12.5 16.1 21.3 3.0 3.0 24 3.0 13.6
c(x') ~ 1 thereis a low degreeof certainty The Chi- 6. Empirical Results

squaedtermachieveslittle statisticainformation,in which
casec(x’) is cautiousin modifying the Mahalanobisdis-
tanceandapplieslittle or no contraction.Now considerthe
ehffect of ¢(x) onthedistancg4). It is not difficult to show
that

e(x) = e(x") £ \/[Pr(jm|x') — Pr(jm|x)]2/ Pr(jm|x')?,

where + representshe algebraicsign of [Pr(j,|x') —
Pr(jm|x)]. Foragivenx’, ¢(x') is fixed. Thusthe dila-
tion/contractionof the Mahalanobigdistancedueto varia-
tionsin ¢(x) is proportionalto the squareroot of the Chi-
squaed distancewith the dilation/contractiondetermined
by thedirectionof variationof Pr(j|x) from Pr(j|x'). That
is, ¢(x) attemptsto compensatdor the Chi-squaed dis-
tanceignoranceof the direction of variation of Pr(j|x)
from Pr(j|x') andis driving theneighborhoodaloserto ho-

mogeneouslassconditionalprobabilities.

Estimation Froma nearesheighborhooaf K, points
aroundx’ in the simple Euclideandistance,we take the
maximum likelihood estimatefor Pr(j). To estimate
p(x]j), we usesimple non-parametriclensity estimation:
ParzenWindows estimatewith Gaussiarkernels[5]. We
placea Gaussiarkernelover eachpoint x; in classj. The
estimatep(x|j) is thensimply the averageof the kernels.
For simplicity, we use identical Gaussiarkernelsfor all
pointswith covarianceX = 721. More precisely

e 7z (%) (x—xi)

(®)

where C; representghe set of training samplesin class
j. Together Pr(j) and p(x|j) define Pr(j|x) through
Se(il) — _POINPr() i i -

Pr(jlx) = S S IIBED) Using the estimatesn (5), we
obtainanempiricalestimateof (3) for eachdatapoint x.

We compareseveral competingclassificationmethods
using datasetsfrom the UCI MachineLearningDatabase
Repository: (1) AQKNN method describedabove; here
we use a simplified form of AQKNN: we setX. in (4)
to 0?I1. Thus, Equation(4) simply reducesto D(x,x’) ~
[Pr(jmp"r‘('?;iﬁ;gnlx)]z + Le(x)e(x)|x — x (2) SVM
methodwith radial kernels[8]; (3) Simple K-NN method;
(4) C4.5;(5) Machete[6]; (6) Sosthe [6]; (7) DANN-
discriminantadaptve nearestneighbor classification[7];
and(8) Local Parzenwindows method—anearesheighbor
hoodof K, pointsaroundthe queryx’ is usedto estimate
Pr(j|x)s through(5), from which the Bayesmethodis ap-
plied.

"I1%

Thefeaturesarefirst normalizedoverthetrainingdatato
have zeromeanandunit variance andthetestdatafeatures
arenormalizedusingthe correspondindraining meanand
variance.Proceduraparametergor eachmethodwerede-
terminedempirically through cross-alidation. Whenever
SVMlight is involved, the valuesof + in the radial basis
kernelexp(—v||x — x'||), andc werechoserempirically.

Table 1 shaws the error ratesfor the eight methodson
the nine data sets,where the numbernext to eachprob-
lem denoteghe dimensionsof the problem. Note thatthe
averageerror ratesfor the Iris, Sonar Vote, and Hepati-
tis datasets(the numberof datapointsis 100, 208, 232
and 155, respectiely) were basedon leave-one-outcross-
validation, whereasthe error ratesfor the remainingdata
setswerebasedn 10 independentunsof arandomselec-
tion of 200 training dataand 200 testingdata,sincelarger
datasetsareavailablein thesefive caseqthe numbersare
345,768,1536,683 and351 for Liver, Pima,OQ, Cancer
andlon, respectiely).

Table 1 shavs that AQKNN achiered the bestor near
bestperformanc@vertheninedatasetsfollowedby SVM-



R. To measureobustnessfor eachmethodm we compute
theratio b,,, of its errorratee,,, andthe smallesterror rate
over all methodsbeing comparedn a particularexample:
bm = em/min;<x<sex. The largerthe value of b,,, the
worsethe performanceof the methodis in relationto the
bestonefor that example,amongthe methodsbeingcom-
pared.Thedistribution of theb,,, valuesfor eachmethodm

overall theexamplesthereforejndicatedts robustness.

Figure 1 plots the distribution of b, for eachmethod
over the nine datasets. The dark arearepresentshe lower
andupperquartilesof the distribution thatareseparatedby
themedian.Theouterhorizontalinesshav theentirerange
of valuesfor the distribution. It is clearthat AQKNN is
mostrobustover the datasets. Additional improvementin
performances possiblewhenthe Mahalanobiglistancein
(4) is fully employed. It is alsointerestingnote that the
local ParzenWindows method,while never achieved best
performanceis ratherrobust.

7 Summary and Conclusions

This papempresent@nadaptve kerneldistancefor near
est neighborclassification. This methodestimatesa dis-
tancebasednquasiconformairansformedkernels.Theef-
fectof thekerneldistanceas to move sampledaving similar
classposteriorprobabilitiesto the querycloserto it, while
moving sampleshaving differentclassposteriorprobabili-
tiesfartheraway from the query As aresult,the classcon-
ditional probabilitiestendto be morehomogeneou the
modifiedneighborhoodsThe experimentaresultsdemon-
stratethat the AQKNN algorithm can potentiallyimprove
the performanceof K-NN andrecursve partitioningmeth-
odsin someclassificationand datamining problems.The
resultsarealsoin favor of AQKNN over similar competing
methodssuchasMacheteandDANN.
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Figure 1. Performance distrib utions.
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